Mathematica 11.3 Integration Test Results

Test results for the 178 problems in "5.6.1 u (a+b arccsc(c x))*n.m"

Problem 25: Result more than twice size of optimal antiderivative.

JXZ (a+bArcCsclcx] )3 dx

Optimal (type 4, 220leaves, 11 steps):

b [1-- x? (a+bArcCsc[cx])?

b?x (a+bArcCsc[cx]) %
+ +
c? 2¢c
1 , b(a+bArcCsclcx] >2 ArcTanh [ et Arccsclex] |
=X (a+bArcCsclcx])’+ +

3 c3

b*>ArcTanh| [1- 15 ]

c? x?

ib? (a+bArcCsc[cx]) Polylog|2, -e!Arccsclex] |
c ) c3 :

ib? (a+bArcCsc[cx]) Polylog|2, e'Arccsclex] ]

+

c3

b3 PolyLog [3’ _ @l ArcCsclcx] ] b3 PolyLog [3, el ArcCsclcx] }

c3 c3

Result (type 4, 580 leaves):
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_ 22
32 b X2 1+2c 2x
a3 X3 X

+ +a?bx®ArcCsclcx] +

3 2c
a2y
a’blog[x |1+ l%]]
+ ab? |-81i PolylLog[2, —e!Arecsclex]]
2¢3 8c3
3ArcCsclcx] Log|[1 - efArccsciex] |
2c3x3 [2+4ArcCsc[cx]?-2Cos[2ArcCsc[cx]] - +
cx

3ArcCsclcx] Log[1+elArccscicx] ] 44 Polylog|2, e!Arccsciex] |
+

+
c X 3 x3
2 ArcCsclcx] Sin[2ArcCsc[cx]] +ArcCsc[cx] Log|[1 - e*Arecselex] ] sin[3 ArcCsc[cx] ] -

ArcCsc[cx] Log[1+eAretsclex)] sin[3 ArcCscc x]]J] +

1 1
; b® |24 ArcCsc[c x] Cot| ~ ArcCsc[cx] | + 4 ArcCsc[cx]® Cot [~ ArcCsc[cx] | +
48 c 2 2

1 , ArcCsc(c x]3CscEAr‘cCsc[c x]}4
6 ArcCsccx]?Csc|—ArcCsclcx] | + -
2 C X

24 ArcCsc[c x]? Log[1 - e! Areesclex)] 4 24 ArcCsc[c x]? Log |1 + et Arecsclex] ]

1 i

48 Log[Tan| ~ ArcCsc[cx] | | - 48 i ArcCsc[c x] Polylog[2, -elArecsclexl]
2

48 i ArcCsc[c x] Polylog|2, e*Arecsclex] ] 48 polylog|3, -e!Arcesclex)]

. 1 2
48 Polylog|3, e*Arecsclex)] _ g ArcCscc x]2 Sec |~ ArcCsccx] | +
2

3.3 3es 1 4
16 ¢ x*> ArcCsc[c x]? Sin[ = ArcCsccx] | +
2

1 1
24 ArcCsc[cx] Tan| = ArcCsc[cx] | + 4 ArcCsc[cx]?Tan| =~ ArcCsc[cx] |
2 2

Problem 51: Result unnecessarily involves imaginary or complex numbers.

sz Vd+ex (a+bArcCsc[cx]) dx

Optimal (type 4, 496 leaves, 31 steps):
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4bd+/d+ex (1-c2x?) 4b(d+ex)?? (1-c2x?) 2d? (d+ex)>? (a+bArcCsc[cx])
_ N _

3e3
105c*e [1- -1 x 35c3e [1- -

ce X Cc° X

X

4d (d+ex)®? (a+bArcCsc[cx]) 2 (d+ex)”? (a+bArcCsclcx])
5e3 : 7¢e3 :

4b (5c2d*-9e?) \/d+ex 1/1-c?x* EllipticE[ArcSin|

\/l—cx] 2e
V2 cdee

d \ -
4bd (9c?d*-e?) Cid*j:) mEllipticF[Ar‘cSin[ 1\/;)( B cjie} /

32bd*

; -
cldrex) Mo EllipticPi[2, Ar‘csi“[m]’ > /
. V2 cdre

Result (type 4, 428 leaves):
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2be? [1- - xVd+ex (2d+3ex)
1
2 Y
c

+avd+ex <8d3—4d2ex+3de2x2+15e3x3) +
105 e3

bvd+ex (8d*-4d’ex+3de’x®+15e>x?) ArcCsc[cx] -

e (1+cx) e-cex

(5c2d>-5c*d’e-9cde®+9¢e®) EllipticE|
-cd+e cd+e

C cd+e
i ArcSinh|[ |- Vdrex |, : }+(4c3d3+5c2d2e+8cde2—9e3)
cd+e cd-e

C cd+e e

EllipticF[i ArcSinh[ |- Vdrex |, ———]-8c*d®EllipticPi[1+ —,
cd+e cd-e cd

C cd+e

i ArcSinh[ |- Vd+ex |, :
cd+e cd-e

Problem 52: Result unnecessarily involves imaginary or complex numbers.

Jxx/d+ex (a+bArcCsclcx]) dx

Optimal (type 4, 404 leaves, 24 steps):
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4b~/d+ex (1-c?x?) 2d(d+ex)>? (a+bArcCsclcx])

- - +
3 e?

1

2 x

15¢3 [1-

X

2

8bd+d+ex V1-c2x? EllipticE Ar‘c&n[%} 2]

2(d+ex)5/2 (a+bArcCsclcx]) > cdee
- +
5 e?
15 2 e\/l— L cldex).
c’x cd+e

d -
cldrex) T entiptice [arcsin[ L2SX ), 28 /

cd+e 2 " cdie

1
1- xVd+ex | +

c? x?

8bd3 d*e" V1-c2x? EllipticPi[2, Ar‘chn[%} 2]

Bl
cd+e

xVd+ex

15 ce?

Result (type 4, 368 leaves):
xVd+ex

avd+ex (-2d’+dex+3e?x?) 2b+d+ex (-2d?+dex+3e?x?) ArcCsc[cx]
+

2

e e?

e (l+cx e-cex

< ) -2cd (cd-e) El1lipticE[i ArcSinh| Vd+ex |

-cd+e cd+e cd+e

cd+e cd+e
| + (-c?d*-2cde+e?) EllipticF[i ArcSinh| Vd+ex | |+

cd-e cd+e cd-e

e cd+e
2 c?d? EllipticPi[1+ —, i ArcSinh]| Jd+ex : ] /
cd cd+e cd-e
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Problem 53: Result unnecessarily involves imaginary or complex numbers.

J\/d+ex (a+bArcCsclcx]) dx

Optimal (type 4, 315leaves, 15steps):

4b-/d+ex V1-c?x? EllipticE Arcﬁn[%] —2e-]

3
cd+e

2 (d+ex)*? (a+bArcCsc[cx])

3e
3 C _ d+e x
c?x? cd+e

Abd | cldrex) ([ 2,2 ElllpthF[APCSln[%] 27E]

b)
cd+e cd+e

XxVd+ex

4bd? d*e" V1-c2x? EllipticPi|2, AFCSIH[%} 2]

? cdie
e [1- 212 xVd+ex
ce X

Result (type 4, 275leaves):

1
i2 a(d+ex)*?+b (d+ex)’?ArcCsclcx] + |21ib —e( rex)
3e -cd+e

d
(cd-e) EllipticE[i ArcSinh] Vd+ex | < +e]
cd+e cd-e

c cd+e
(-2cd+e) EllipticF[iArcSinh| |- Vd+ex |, : | + cdEllipticPi|
cd+e cd-e
e . d cd+e 5 C 1
1+*,11Ar‘c51nh[ - \/d+ex}, } /c - 1- X
cd cd+e cd-e cd+e c? x?

Problem 56: Result unnecessarily involves imaginary or complex numbers.

e-cex

cd+e

J(d+ex)3/2 (a+bArcCsccx]) dx

Optimal (type 4, 372 leaves, 22 steps):
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4be+/d+ex (1-c2x?) 2 (d+ex)>? (a+bArcCsc[cx])

— + —

5e

15¢3 [1-

28bd~/d+ex 1-c2x? EllipticE Ar‘cﬁn[%} 28]

)
cd+e

15c2\/1— L codex.
c° X

cd+e

d -
cldrex) T entiptice [arcsin[ L2SX ), 28 /

cd+e 2 " cdie

4bdd | Sldexi /1 c2x2 EllipticPi|2, Arc51n[&%%gzl] —2&-]

cd+e > cdre
e [1- 21 x+/d+ex
X

xVd+ex | -

Result (type 4, 333 leaves):

x+/d
V rex 6a(d+ex)5/2

+

6b<d+e@5"AmCx[cm e_cex

-141b

e cd+e

~7cd (cd-e) EllipticE[i ArcSinh[ |- dc \/d+ex},cj+e]+(9c2d2—7cde+e2)
cd+e cd-e

C cd+e e
EllipticF i ArcSinh| |- Vd+ex |, : | -3c2d?EllipticPi[1+ —,
cd+e cd-e cd

d
iArcSinh|[ |- ¢ \/d+ex],c +e] /c3e -
cd+e cd-e

Problem 57: Result unnecessarily involves imaginary or complex numbers.

\{x3(a+bArcCsc[cx]) 4
X

Vd+ex
Optimal (type 4, 714 leaves, 27 steps):
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x])

4b\/d+ex (1-c*x?) 4bd+d+ex (1-c*x?) 2d*~+/d+ex (a+bArcCscc
N _

e4

3 1 3 a2 1
35c’e 1—CZXZ 21c’e 1-=2

X

2d? (d+ex)*? (a+bArcCsc[cx]) 6d(d+ex)>? (a+bArcCsc[cx])

+

+

et 5 e*
1-c 2e
2 (d+ex)”? (a+bArcCsccx]) 24bd?~/d+ex /1-c2x? EllipticE Arcsln[irx} e
7 e*
35C2€'3\/1— c (drex)
2 x2 cd+e
NE
4b<2c d? - 9e Vd+ex +/1-c?x? E111pt1cE[Ar‘c51n[ €x , /
V2 cd+e
d+ex
105 c* &3 ( ) +
cd+e
64bd3 | cldex) d*ex V1-c?x? ElllpthF[APCSln[@], 28]
2 cd+e
35c?e? xd+ex
c(d+ex \V1-c 2e
32bd (cd-e) (cd+e) Q \/1-c2x?* EllipticF[ArcSin] X ]s ] /
cd+e V2 cd+e
1
105c*e® [1- xvVd+rex |+

c? x?

64bd* | <Xl /1 c2x2 EllipticPi|2, Ar‘chn[%], —2e-]

cd+e cd+e

XxVd+ex

35ce?

Result (type 4, 429 leaves):
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1
105 e*

2be? [1- - xVd+ex (-5d+3ex)
2 +3a+vd+ex b16@+8d2ex—6de2ﬁ+5e3ﬁ>+
C

3byd+ex (-16d*+8d*ex-6de*x*+5e’x’) ArcCsclcx] -

e (1+cx) e-cex

(-16c*d®>+16c*d*e-9cde”+9e?) EllipticE]
-cd+e cd+e

d
i ArcSinh| |- < \/d+ex],c +e}+(—24c3d3’—16c2d2e+cde279e3>
cd+e cd-e

C cd+e
EllipticF[i ArcSinh| |- Vdrex |, —— ] +4a8c*d® EllipticPi|
cd+e cd-e

e C cd+e
1+—, iArcSinh[ |- Vd+ex |, : ]
cd cd+e cd-e

Problem 58: Result unnecessarily involves imaginary or complex numbers.

dx

&{xz(a«kbArcCsc[cx])
Vd+ex
Optimal (type 4, 530 leaves, 20 steps):

| 9
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4b/d+ex (1-c2x?) 2d*~/d+ex (a+bArcCscicx]) 4d(d+ex)>? (a+bArcCsc(cx])
_ N _

e3 3¢e3

+

3 1
15ce [1- =

B
cd+e
+ —

2 (d+ex)®? (a+bArcCsccx] ) 4bd+/d+ex V1-c?x? EllipticE Ar‘cSm[lzlr”} 2]

5e3
SC e2 1- c (d+ex)
czx2 cd+e

32bd? d*ex V1-c?x? E111pt1cF[Arc51n[3%%§£ﬂ, ;ﬁg;}

xVd+ex

15 c2 e?

d '\/ —
4b (cd-e) (cd+e) rex) \/1-c*x* EllipticF [ArcSin| £x B 2¢€ ] //
cd+e A2 cd+e

xvVd+ex | -

c? x?

32bd? [ <l /1 c2x? EllipticPi2, ArcSln[i%;?i] 2]

J
cd+e cd+e

xVd+ex

15 c e3

Result (type 4, 365leaves):
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2be? [1- - xVd+ex
2 +avd+ex (8d2—4dex+3e2x2)+

15 e3 c

e (1+cx) e-cex

byvd+ex (8d°-4dex+3e’x*) ArcCsclcx] - |2ib
-cd+e cd+e

3cd (cd-e) EllipticE[i ArcSinh|[ |- dc \/d+ex],cj+e]+<4c2d2+3cde+e2>
\ cd+e cd-e

C cd+e e
EllipticF[i ArcSinh[ |- Vdrex |, ———]-8c?d?EllipticPi[1+ —,
cd+e cd-e cd

J'lAr‘cSinh[ - dc \/d+ex],cj+e]
\' cd+e cd-e

Problem 59: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsclcx]) 5
X

Vd+ex

Optimal (type 4, 344 leaves, 14 steps):
2dVd+ex (a+bArcCsc(cx]) 2 (d+ex)>? (a+bArcCsclcx])

. _
e? 3e?

4b~/d+ex V1-c*x* EllipticE Ar‘cﬁn[%} 2]

’ cdie
3c2e c (drex)
cd+e

8bd | cldex) (/1 2,2 ElllpthF[Ar‘cSm[%] 27e]

+

b)
cd+e cd+e

xvVd+ex

8 b d? d*e" V1-c2x? EllipticPi|2, APCSIH[%} 2]

3
cd+e

xVd+ex

3 ce?

Result (type 4, 289 leaves):
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1
i2 a(-2d+ex)Vd+ex +b (-2d+ex) Vd+ex ArcCsc[cx] + [2ib w

3 g2 —cd+e

d
(cd-e) EllipticE[i ArcSinh| Vd+ex | < +e]
cd+e cd-e

(cd+e) EllipticF[i ArcSinh[ |- ¢ Vd+ex |, cd+e] —2chllipticPi[1+i,
cd+e cd-e cd

C cd+e C 1
i ArcSinh|[ |- Vd+ex |, : ] c? |- 1- X
cd+e cd-e cd+e c? x?

Problem 60: Result unnecessarily involves imaginary or complex numbers.

e-cex

cd+e

a+bArcCsc[cx]
J dx
\Vd+ex

Optimal (type 4, 212 leaves, 9steps):

4p | e /1232 E1lipticF[ArcSin|Yiex |, 2e
2+d+ex <a+bAr'cCsc[cx}) cdre P [ [ NF3 }’ cd+e]

e
cz [1- 212 x\d+ex
c° X

4bd | <ldeXl /1 c2x2 EllipticPi2, Ar‘cﬁn[%] —2e-]

3
cd+e cd+e

XxVd+ex

Result (type 4, 212leaves):

1 , e(l+cx) [e-cex
~2|av/d+ex +byd+ex ArcCsc[cx] - [21b
e -cd+e cd+e
cd+e e
E1lipticF [ ArcSinh| Vdrex |, — | - Ellipticpi[1 —,
cd+e cd-e

C cd e

JiAr'cSinh[ - \/d+ex], :
cd+e cd—e Ccd+e c? x?

Problem 63: Result unnecessarily involves imaginary or complex numbers.

jx3 (a+bArcCsclcx]) ;
X

(d+ex)3/2
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Optimal (type 4, 551 leaves, 23 steps):
4b~d+ex (1-c*x*) 2d®(a+bArcCsclcx]) 6d*+vd+ex (a+bArcCsc[cx])
- +

+

e*\/d+ex e*
15c3e? [1- 212 X '
Cc° X
2d (d+ex)*? (a+bArcCsc[cx]) 2 (d+ex)*? (a+bArcCsc(cx])
+ +
et 5e*

32bd~/d+ex 1-c2x? EllipticE Ar‘cﬁn[%} 279]

)
cd+e

15 ¢ e3 1 - c (drex)
c2 x? cd+e

8bd? | cldiex) mElllptlcF[Arcsln{@}, 28]
\/7 cd+e

xVd+ex

d NE
ﬂ \/1-c?*x? EllipticF [ArcSin| ! CX}, 2e }/

cd+e 2 cd+e

xvVd+ex | -

c? x2

cd+e ’ cde

64bd3 | Sdexl /1 _c2y2 ElllptlcPl[Z Ar‘cSm[%] 276]

xVd+ex

5ce?

Result (type 4, 387 leaves):
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2be? [1- - x/d+ex

1, ¢l x 3a(16d*+8d*ex-2de?x? +e*x?)
+ +
15e* c Vd+ex
3b (16d>+8d*ex-2de?x? + e x*) ArcCsc[c x] . e_cex
- 1
Vd+ex cd+e

8cd (cd-e) EllipticE[i ArcSinh| |- Vd+ex | ] +(24c?d*+8cde+e?)
cd+e cd-e

C cd+e e
EllipticF[i ArcSinh[ |- Vdrex |, ———]-48c?d?EllipticPi[1+ —,
cd+e cd-e cd

J'lAr‘cSinh[ - dc \/d+ex],cj+e]
\' cd+e cd-e

Problem 64: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCsclcx]) ;
X

(d+ex)3/2

Optimal (type 4, 369 leaves, 16 steps):
2d? (a+bArcCsc[cx]) 4d+d+ex (a+bArcCsclcx])
e3/d+ex e’

+

_ 2 Al-cx 2e
1) 4b+/d+ex V1-c?x?* EllipticE[ArcSin| o 1, —cd%]
- +

3e3
3c?e? [1- cdex
c? x2 cd+e

0 b d d+ex WEIIIPthF[APCSln[%}, 2]

2 (d+ex)*? (a+bArcCsccx

3c2e?

XxVd+ex

32bd?2 | SldeeXl /3 2x? EllipticPi|2, Ar‘cSln{%], Czd—ee]

xVd+ex

3ce’

Result (type 4, 312leaves):
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1
3e3
" a(-8d>-4dex+e’x?) b (-8d?>-4dex+e?x?) ArcCsc[cx] . e_cex
n -121
\Vd+ex \Vd+ex cd+e

d
(-cd+e) EllipticE|i ArcSinh| Vd+ex | < +e]
cd+e cd-e

Acd+e) Elliptick[iArcsinh| |- —S— vVdrex |, 291 . 8cdEllipticpi
d d
C +e cd-e
1+i,jAr‘cSinh[ S \/d+ex}, Cd+e}] / cz |-
cd \ cd+e cd-e

Problem 65: Result unnecessarily involves imaginary or complex numbers.

Jﬂx<a+bArcCsc[cx]) :
X

(d+ex)®?

Optimal (type 4, 238 leaves, 11 steps):
2d (a+bArcCsc[cx]) 2+/d+ex (a+bArcCsc[cx])
+
e?+/d+ex e’

ab | cidiex mElllptlcF[Ar‘CSU][%], e |

cd+e cd+e

xvVd+ex

c (dvex) 2 Vi-cx 2e
8bd Cane V1-c?x E111pt1cP1[2 Arc51n[ s ], Cd+e]

x\Vd+ex

Result (type 4, 226 leaves):
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1_|a(2d+ex) b (2d+ex) ArcCsc[cx]

) +
C cd+e
EllipticF[i ArcSinh| |- Vd+ex |, - | -
cd+e cd-e

e? Vd+ex Vd+ex
e d+e
2 E1lipticPi[1+ —, i ArcSinh| [~ —— +/drex |, — ] /
cd cd+e cd-e

. e<1+cx) e—cex
21b
-cd+e cd+e
C 1
C - 1- X
\ cd+e w c? x?

Problem 69: Result unnecessarily involves imaginary or complex numbers.

N{x3(a~+bArcCsc[cx]) 4
X

(d+ex)?

Optimal (type 4, 602 leaves, 31 steps):
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4bd? (1-c?x?) 2d3 (a+bArcCsclcx])
3e* (d+ex)??
3ce? (c?d?-e?) - x+/d+ex ( )
6d? (a+bArcCsc[cx]) 6dvd+ex (a+bArcCsc[cx]) 2(d+ex)3/2 (a+bArcCsclcx])
- + +
e*+/d+ex et 3et
V1 2
8bd?+/d+ex /1-c?x? EllipticE[ArcSin] rcx ] cdfe]
33 (c2d?-e?) [1- € (drex)
c x2 cd+e

\/1—cx] 2e

4b (2c?d?-e?) /d+ex +/1-c®x* EllipticE[ArcSin| s
2 cd+e

cd+e

32bd | Sldex mElllptlcF[Ar‘cSm[%}, 2]

xvVd+ex

3c2ed

64 b d2 c (dvex) mElllptlcpl{z Ar‘CSln[lg]J 2e ]

cd+e

xVd+ex

3ce?

Result (type 4, 398 leaves):
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2bcd?e? [1- 1 x

1 5 ?x? a(-16d*-24d’ex-6de?x?+e®x3)
—_— + +
3et (c2d?-e?) V/d+ex (d+ex)3/2
b(-16d>-24d>ex-6de?x?+e*x*) ArcCsc[c x] 1 c
+ 21b |-
<d+ex)3/2 cd+e
3 J1--2
2 x?

e-cex ercex C cd+e
=t e? EllipticE[i ArcSinh[ |- Vdrex |, : ] -
cd+e cd-e cd+e cd-e
) cd+e
(8c?d*+8cde+e?) El1lipticF[i ArcSinh| Vd+ex | |+
cd+e cd-e

16cd (cd+e) EllipticPi[1+i, iArcSinh|[ |- ¢ Vdrex |, cd+e]
cd cd+e cd-e

Problem 70: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcCsclcx]) i
X

(dJrex)S/2

Optimal (type 4, 440 leaves, 25 steps):

4bd (1-c?x?) 2d? (a+bArcCsc[cx]) 4d(a+bArcCsclcx])
_ . .
3ce (c2d?-e?) xJdTex 3¢’ (dvex)?? 3 /diex
czx2

Jicx ] _2e
Zm(a+bAPcCsc[cx]) 4bdd+ex V1-c2x2 E111pt1cE[Ar‘c51n[ rcx }, cdie}

3
e
3e (c2d*-e?) [1- ¢ (dvex)
cx2

cd+e

4p | Sldex) \f1 2y ElllpthF[Ar‘CSln[%] 2]

)
cd+e cd+e

xVd+ex

c?e?

32bd d+ex V1-cZx? EllipticPi[2, ArcSln[%], czdiee}

xVd+ex

3cel
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Result (type 4, 367 leaves):

2bcd [1- 2

a(8d?+12dex+3e2x?
(

.
(-c2d?e+e3) /d+ex e3 <d+ex)3/2

C e-cex
21b |-
3(d+ex)3/2 cd+e cd+e
ercex cd+e
; chlllptlcE JlAF‘CSlnh \/d+ex : }
cd- cd+e cd-e

(4cd+3e) EllipticF i ArcSinh| |- ¢ Jdrex ]s cd+e] +8 (cd+e)
cd+e cd-e

e cd+e
EllipticPi[1+ ——, i ArcSinh| Vd+ex ! ]
cd cd+e cd-e

Problem 71: Result unnecessarily involves imaginary or complex numbers.
JX (a+bArcCsclcx])

(d+ex)5/2

2
— +
3

b (8d?+12dex+3e?x?) ArcCsc[cx]

dx

Optimal (type 4, 314 leaves, 19 steps):

4b (1-c?2x?) 2d (a+bArcCsc[cx])
+

¢ (e e) 3e? (d+ex)??

xVd+ex

T e x2

2 (a+bAr‘cCsc[cx}) 4b~/d+ex \/1-c?x? ElllpthE[Ar‘cSm[Clvjx] 279]

’ cde
+ +
2
e \/d+ex 2 g2 2 c (d+ex)
3e (c?d*-e?) [1-
czx2 cd+e

cd+e

8b [ <ldeX /1 _c2x2 EllipticPi2, Ar‘cﬁn[%] 2]

)
cd+e

3ce? [1- 212 xVd+ex

ce X

Result (type 4, 345leaves):
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4bc [1- 2= x
2 x? 2a(2d+3ex)

3(c2d?-e?)\/drex 3e?(drex)’?
2b (2d+3ex) ArcCsc[cx] C
+|41ib |-
3e? (d+ex)?? cd+e
e-cex cd+e
—_— CdElllpthE Ar‘c51nh \/d+ex : ]
cd+e cd+e cd-e
C cd+e
cdEllipticF[i ArcSinh[ |- Vdrex |, . | +2 (cd+e)
cd+e cd-e
e C cd+e
EllipticPi[1+ ——, i ArcSinh[ |- Vdrex ], ——] /3c2de2
cd cd+e cd-e

Problem 72: Result unnecessarily involves imaginary or complex numbers.

a+bArcCsc[cx]
J dx

(d+ex)5/2

Optimal (type 4, 298 leaves, 12 steps):
4be (1-c?x?) 2(a+bAr‘cCsc[cx])

Je(drex)¥?
3cd (c?d?-e?) |1 czxz xVd+ex ( )

4b/d+ex V1-c?2x2 ElllptlcE[Ar‘CSln[%}, czdiee}

+

3d (c2d?-e?) [1- cldeex],
c x2 cd+e

4b | <ldext \f1 2x? EllipticPi2, Ar‘cﬁn[%] 28]

)
cd+e cd+e

3cde [1- 212 xvVd+ex
c° X

Result (type 4, 326 leaves):
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2bce? [1- - x
1 5 a X b ArcCsc[c X]
— - - - +

3e (d+ex)3/2 (c2d3—de2) Vd+ex (d+ex)3/2

e(l+cx e-cex cd+e
2ib < ) -cdEllipticE[i ArcSinh| Vd+ex | : |+
-cd+e cd+e cd+e cd-e
cd+e
CdElllpthF Ar‘c51nh \/d+ex +]
cd+e cd-e
e c cd+e
(cd+e) EllipticPi[1+ —, i ArcSinh| |- Vdrex ], ]
cd cd+e cd-e

/

Problem 75: Result unnecessarily involves imaginary or complex numbers.

a+bArcCsc[cx]
J dx

(d+ex)7/2

Optimal (type 4, 540leaves, 19 steps):
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4be(1—c2x2) 16bce -c x2
+
15cd (2d?-e?) [1- 1 x(d+ex)? (c2d?-e?)? xd+ex
X
4be (1-c?x?) 2 (a+bAr‘cCsc
e<d+ex)5/2

5cd2(c2d2—e2) x+/d+ex

cZ x?

\/1—cx] 2e

4b (7c*d?-3¢e?) \/d+ex /1-c*x* EllipticE [ArcSin| s
V2 cd+e

1)/

cd+e cd+e

15d (?d?-e?) [1- - x+/drex

4b | <ldext \f1 2x? EllipticPi2, Ar‘cﬁn[%] 2]

)
cd+e cd+e

ab | cldex) mElllptlcF[Ar‘CSHﬂ%], 2e ]

xVd+ex

5cd?e

Result (type 4, 407 leaves):
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2bce? [1- -1 x(-e? (4d+3ex)+c?d? (8d+7ex))

1 3a X
2 |- - -

15e (d+ex)*? (c2d®-de?)? (d+ex)>?

3bArcCsc[cx] e-cex

-121b

(d+ex cd+e

cd+e
cd (7c?d*-3e?) EllipticE[i ArcSinh| Vd+ex | : | -
cd+e cd-e
) cd+e
cd (6c?d*-cde-3e?) EllipticF[i ArcSinh| Vd+ex | ] -
cd+e cd-e

3 (cd-e) (cd+e>2E11ipticPi[1+i, i ArcSinh[ |- < Vd+ex |, cd+e]
cd cd+e cd-e

)5/2

/

C

d® (cd-e) (7 ]3/2 (cd+e)?

cd+e

Problem 98: Result more than twice size of optimal antiderivative.

sz (a+bArcCsclcx]) ;
X

d+ex?

Optimal (type 4, 565 leaves, 25 steps):
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c? x?

X (a+bArcCsclcx])

bArcTanh| [1- -] +/-d (a+bArcCsc[cx]) Log|1-

ic

—d et ArcCscc x]

Ve i/ c?d+e

]

+ -
€ ce 2 @3/2

-d ei ArcCsc[cx]

\/-d (a+bArcCsc[cx]) Log[1+ L€
< + ) [ + \E—m

2 e3/2

\/-d (a+bArcCsc[cx]) Log[1- %

-d eiArcCsc[c X]

e +/ c2d+e

2 e3/2

\/j a+bArcCsc[cx]) Log|1l ica/-d eiArccscicx]
< + ) [ + \E+\/m }

2 e3/2
ib~/-d Polylog|2, - tey-d e ib+/-d PolylLog|2 —d e My
> Ve cae | 1> wm
232 2 e3/2

ib~/-d Polylog[2, - L4 e8] /24 Polylog[2, Lev=d e ]

2e3/2 2 @3/2

Result (type 4, 1260 leaves):

! 1 —4Jiacx/?x—4jbcx/?xAr‘cCsc[cx]+4]'1acx/?ArcTan[ X}Jr
4ce3/2 ﬁ
i+
1_“/; (—iC\/?+\/?) Cot[% (r+2ArcCsclcx])]
Sibcx/?Ar‘cSin{i]Ar‘cTan[ 4 | -
V2 Vcid+e
i+
1+c\/:* (]‘Lcﬁ+\/?) Cot[% (m+2ArcCsccx]) ]
Sjbcx/?Ar‘cSin[i]Ar‘cTan[ 4 |+

2 Vcid+e
(\/? m) —i ArcCsc[c x]
] _

cVd
(\/? m) —i ArcCsc[c x]

cd

bc+/d rLlog[1+

2bc+/d ArcCsccx] Log|1+

|+

ive
lic\/z_ (\/? m) -1 ArcCsc[c X]
4bC\HAr‘cSin[7} Log[1+ }—

V2 cVd
(7\/? \/m) e-iArcCsclcx] }
e )

bC\/?ﬂLOg[l-*—
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(_\/? m) @-1LArcCsccx]

2bc~/d ArcCsclcx] Log[1+

} _

cd
1+ ]i/jg (7\/? m) ~i ArcCsc[c x]
4bc/d ArcSin|[ ———| Log[1+ ] -
V2 c/d
(\/? m) -1 ArcCsc[c X]
bcﬁﬂLog[l ] +
cVd
(\/F m) -1 ArcCsc[cX]
2bc+/d ArcCsccx] Log[1 - ]+
cVd
1+i4\% (\E m) -1 ArcCsc[c x]
4bc/d ArcSin| ————] Log[1 - ]+
V2 cd
(\/? 4/C2d+e) ~i ArcCsc[c x]
bc+/d rlog[1l+ ] -
cVd
(\/? +vJ2d+e ) ~i ArcCsc[c x]
2bc+/d ArcCsccx] Log|1+ ] -
cVd
ive
1- Cv% (\/g m) ~i ArcCsc[c x]
4bC\HAr‘cSin[7} Log[1+ |+
V2 cVd
id

bcx/?nLog[\/?— }—bcx/?rrLog[\/?+jl:{?

] —4ib\/?Log[Cos[lAr‘cCsc[cx}H +
2

(\/? m) —i ArcCsc[c x]
c/d

41’1b\/?Log[Sin[lAr‘cCsc[cx]H +2ibc+/d PolyLog|2, |-
2
(7\/? m) ~i ArcCsc[c x]

cVd
(ﬁ m) —i ArcCsc[c x]

cd

2ibc+/d Polylog|2,

] -

2ibc+/d Polylog|2, -

|+

(\/; N 2d+e) e-1ArcCsclcx]
cV/d

2ibc/d Polylog|2,

]

Problem 99: Result more than twice size of optimal antiderivative.



26 | Mathematica 11.3 Integration Test Results for 5.6.1 u (a+b arccsc(c x))~n.nb

Jx (a+bArcCsclcx]) .
X

d+ex?

Optimal (type 4, 507 leaves, 26 steps):

(a+bArcCsc[cx]) Log[1- M] (a+bArcCsc[cx]) Log[1+ icy/d eihrecseleq
Ve ctae Ve [

2e 2e

(a+bArcCsc[cx]) Log[1- icyod etreacien ] (a+bArcCsc[cx]) Log[1+ icy/od el ]
Ve nfdre Ve[

2e 2e

i bPolylog|2, - +e-dereacr ]
Ve [ctdie

(a +bArcCsc[c x] ) Log[l _ @2iArcCsclcx] ]

€ 2e
1 i _ i ArcCsc[c x] . i —d el ArcCsclcx]
i bPolylog|2, ica/-d ebArcscicx] i bPolylog|2, - it
S > e
2e ’e
ibPolylog|2, icy/od elhrecseled |
Ve v/t dre i bPolylog[2, e?iArccscicx] ]
+
2e ’e

Result (type 4, 1123 leaves):

1
— |ibnr?-41ibrArcCsc[cx] +81bArcCsccx]?-

8e
ive
1_“/% (ﬂlcx/?m/?) Cot[% (rr+2ArcCsclcx])]
16 i b ArcSin|[ ————] ArcTan| 4 | -
V2 Vvcid+e
ive
1+cd§ (J‘LC\H+\E) Cot[l(errZAr‘cCsc[cx]H
16 1 bAr‘cSin[i] Ar‘cTan[ 4 ] -
\/? \Vec2id+re
(\/?*m) @-iArcCsclcx]
2brlog[l+ ]+

cVd
(\/?7 m) e-iArcCsclcx]

cd

4bArcCsclcx] Log|[1+

} _

cvd (Je _4/c2d+e)eﬂiArcCsc[cx]

SbArcSin[i] Log[1+

V2 cd

] -
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( \/?+m) -i ArcCsc[c x]

2b7rL0g[1+ ]+
cd
(_\/? m) @-1ArcCsccx]
4bArcCsclcx] Log[1+ | -
cd
1+?% (7\5 m) -1 ArcCsc[c X]
8bArcSin[ ————] Log[1+ ] -

V2 cVd
(ﬁ m) —i ArcCsc[c x]
|+
cVd
(\/? m) —i ArcCsc[c x]
c/d

2brlog|1l

4bArcCsc[cx] Log[1-

|+

cvd (\/?+m) e-iArcCsc[cx]
8bAr‘cSin[7] Log[l—
V2 c/d
(\/? m) @-iArcCsclcx]
|+
cVd
(\E m) -1 ArcCsc[c x]

cd

] _

2brlog|l+

4bArcCsclcx] Log|[1+

|+

T (ﬁ 1/CZdJre) —1i ArcCsc[c x]

8bArcSin[ —————] Log[1+

V2 cd

] -

\/?] +2brlog[Ve +

X X

(\/? \/m) e-iArcCsclcx]

cVd
(7\/Z m) @-iArcCsc| cx]}
+

cV/d
(\/E NI 2d+e) -1 ArcCsclcx]

cd

8bArcCsc[cx] Log[1-e2iArccsclex]] 4 aprLog[e - =

4alog|d+ex?| +41ibPolyLog|2,

|+

41ibPolylog|2,

41ibPolylog|2, -

} +

(\/? N 2d+e) -1 ArcCsc[c x]
cVd

4ibPolylog|2, | +41bPolylog[2, e?*Arccsclex]]
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Problem 100: Result more than twice size of optimal antiderivative.

dx

Ja +bArcCsc[c x]

d+ex?

Optimal (type 4, 529 leaves, 19 steps):

—d et ArcCsc[cx]

(a+bArcCsc[cx]) Log[1- *€ (a+bArcCsc[cx]) Log[1+ =€

—d et ArcCsc[c x]

Ve -/ c?dre Ve i/ c?d+e
- +
2+/-d Ve 2+/-d Ve
(a+bArcCsc[cx]) Log[1 - +4¢ o Moy ] (a+bArcCsc[cx]) Log[1+ +4¢ ol frece ey
Ve [ die Ve /ctdie
+
2+/-d Ve 2+/-d e
I.L bPolyLog 2) _ ic —d eiArcCsc[cx} 1 bPolyLog 2, ic —d ejArcCsc[cx}
. _
2+/-d Ve 2+/-d e
i bPolylog[2, - Lo e ™20 ppolylog[2, Lenld ettt
Ve +/ c?d+e Ve +/c?d+e
+
2+/-d Je 2+/-d e
Result (type 4, 1068 leaves):
1 ) ) X
-———— 1 |4iaArcTan| |+
4+/d e Vd
ive
17c\/? (7]'1C\/?+\E> Cot[ > (m+2ArcCsclcx]) |
81 bArcSin[i] Ar‘cTan[ 4 ] -
\E Vc2d+re
ive
1+cﬁ (J'lC\/?+\/?)COt[l<7T+2AI"CCSC[CXJ>]
81 bArcSin[i] Ar‘cTan[ 4 } +
N2 Ve2d+e
(\/? \/m) e-iArcCsclcx]
brLog(1+ | -
cVd
(\/? m) —i ArcCsc[c x] 1- ?\%
2bArcCsccx] Log[1+ | +4bArcsin| ———]
cVd V2

(_\/? m) e-iArcCsclcx]

(\/? m) e-iArcCsclcx]
} —b;rLog[1+
c/d c/d

Log[lJr

} +
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(_@ m) -1 ArcCsclex] NES %
2bArcCsc[cx] Log[1+ | -4bArcsin| ——]
cVd V2
(7\5 e 2d+e) ~1ArcCsc[cx] (\/? 1/ 2d+e) -1 ArcCsclcx]
Log[1 + | -brLog|1- |+
cVd c/d
(\/? m) —i ArcCsc[c x] Jl'*'i%%
2bArcCsccx] Log|[1- | +4bArcsin| ———]
cVd V2
(ﬁ m) e-iArcCsclcx] (\/? m) @-1ArcCsccx]
Log[1- | +brlog[1+ ] -
c/d c/d
(\/? m) -1 ArcCsc[c X]
2bArcCsc[cx] Log[1+ |-
c/d
ive
1-_ ,
ey \/?er @-iArcCsclcx] .
4bAr‘cSin[7Cd] Log[1+ ( ) ]+b7rLog[\/?—]H/?]—
N2 cVd X

. \/? m -i ArcCsc[c x]
anog[\/?+“/d—]+2j1bpolyLog[2, ( )
X cVd
(_\/? m) ~i ArcCsc[c x]
}_
cVd
(\/? m) —i ArcCsc[c x]

cd

] -

21 bPolylog|2,

21ibPolylog|2, -

|+

(\E m) ~1i ArcCsc[c X]
cVd

2ibPolylog|2,

]

Problem 101: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx
x (d+ex?)

Optimal (type 4, 479 leaves, 19 steps):
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i (a+bArcCsc[c

x])2

“d elArcCsclcx] }

x]) Log[1- *€
e -1/ c2d+e

(a+bArcCsc(c

2bd

(a+bArcCsc|c

x]) Log[1 .+t

2d

et ArcCsc[cx]

Ve -n/ 2 d+e

2d
(a+bArcCsc[cx]) Log[1- L e ™25 (3 pArcCsc[cx]) Log|1+ te-deees
Ve sfctdie Ve fctde
2d 24
j_ b POlyLOg 2 _ ic —d elArcCsclcx] 1 b POlyLOg 2 ic —d elArcCsclcx]
> Ve /ctdee } 2 Ve ciae ]
+
2d 2d
1-1 b PolyLOg 2 B ic —d eiArcCsc[cx} 1 b POlyLOg 2 ic —_d ejArcCsc[cx}
e > e
N
2d 24

Result (type 4, 1089 leaves):

1
-— |ibm?*-41brArcCsc|c
8d

x] +41bArcCsc[cx]?-

l_cﬁ (—]'].C\/F-%—\/?) Cot[% (7r+2ArcCsc[cx]) ]
16 i b ArcSin| | ArcTan| 1 ] -
N2 Jc2d+e
ive
1+c\ﬁ: (icﬁ+ﬁ)€ot[l<7T+2Ar‘cCsc[cx})]
16 i b ArcSin| | ArcTan| K |-
N2 VJe2d+e
(\/? m) @-1ArcCsccx]
2blog[1+ ] +
c/d
(\/?_m) e-iArcCsclcx]
4 b ArcCsc[c x] Log[1+ ],
c/d
1—?\% (\ﬁ m) -1 ArcCsc[c x]
8 b ArcSin| | Log[1+ | -
A2 cV/d
(_\/? m) -i ArcCsc[c X]
2b7'(Log[1+ }+
c/d
(_\/? m) ~i ArcCsc[c x]
4bArcCsc[cx] Log[1+ ] -

cd



8 b ArcSin|

1+£L £
c/d

V2

(\E m) -1 ArcCsc[c X]

Mathematica 11.3 Integration Test Results for 5.6.1 u (a+b arccsc(c x))”~n.nb

(_\/? m) e-1iArcCsclcx]
cVd

] -

2blog|1-

(A/e +“’c2d+e ) efJiAr‘cCsc[cx]

|+

4bArcCsclcx] Log|1- |+
cVd
1+iJ\/% (\/? m) -1 ArcCsc[c x]
8bArcSin| |-
V2 cVd
(\/? m) -1 ArcCsc[c X]
2blog[1+ ] +
c/d
(\/?+m) e-iArcCsclcx]
4bArcCsclcx] Log[1+ ]+
cVd
1—?\% (\E m) -1 ArcCsc[c x]
8bArcSin[ ————] Log[1+ |+
V2 cVd
2brLog[Ve - j\/?} +2brlog[Ve + jl\/?] -8alog[x] +
X X

(\/? m) @-1iArcCsccx]

4alog[d+ex?| +41bPolylog|2,

cVd
(_\/? m) -i ArcCsc[cx ]]

c\/d
(\/F m) ~i ArcCsc[c X]

cd

41 bPolylog|2,

41 bPolylog|2,

|+

(\/? m) —i ArcCsc[c x]
c/d

41ibPolyLog|2,

]

Problem 102: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx

2 (d+ex2)

Optimal (type 4, 572 leaves, 24 steps):

] +

| 31
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bc [1-- Ve (a+bArcCsclcx]) Log[1 - ief-d efreee
B crx? @ bArcCsc[cx] ( ) [ Ve /2 dre ] .
d d x dx 2 (_d)a/z
Ve (a+bArcCsclcx]) Log[1+ bea/-d ettreecn
( ) { e -1/ c2d+e
2 (_d>3/2
Ve (a+bArcCsclcx]) Log[1 - ie/-d ettreeicn
( ) [ e 1/ c?d+e
2 (*d>3/2
Ve (a+bArcCsclcx]) Log|1 s bea/-d ettreelcr
| ) : Ve [ die ]
2 <7d)3/2
ib+/e PolyLog[2, - 1e/=d e 0] b /e polyLog[2, ey efricr
2 Jeade } 2, Ve dae
2 (—d)3/2 2 (—d)3/2
ib+/e PolylLog|2, - te/-d e 1y /e Polylog[2, fe/-d eracicd
[ ’ Ve i/ c?dre } [ ’ Ve +/c?dre }
+
2 (—d)3/2 2 (—d)3/2
Result (type 4, 1241 leaves):
e X
a ax/E_ArcTan[%gér} )
d x 4372
¢ [1- - x+ArcCsc[cx]
ce X 1
b |- + e |7 -4 ArcCsccx] +8ArcCsc[cx]2-
d x 16d3/2
ive
1_“/(7 (—JiC\/?+\/?)Cot[l(n+2Ar‘cCsc[cx})]
32 ArcSin| | ArcTan| 4 ]+
V2 Vc2d+e
(\/?_m) @-1ArcCsccx]
4171Log[1+ ],
c/d
ive
(ﬁf«/cszre)e—iAr‘cCsc[cx] l_cﬁ
8 i ArcCsccx] Log[1+ | +16 i ArcSin| ———]

Log[1 +

(«/e ~+/c2d+e ) @1 ArcCsc[cx]

cd

| +4inLog[1+

(“/e +vctd+e ) @1 ArcCsc[cx]

c/d N

] -
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(Ve s eTdre ) etarecscien 1—?%
8 i ArcCsc[cx] Log[1+ | -16 i ArcSin[ ———]
cd NEY
(\E m) -1 ArcCsc[c X]
Log[1+ | +81iArcCsc[cx] Log[1-e?iArccsclex]] _
cVd
d (,\/?er) e-1ArcCsclcx]

4irnLog[Ve + | +8PolyLog|2, ]+

X cvd

(ﬁ m) -1 ArcCsc[c X]

8 Polylog [2, - } +4 Polylog [2’ @2 i ArcCsclcx] }

cVd
1+D£
\/_
! e |7 -4 mArcCsc[cx] +8Ar‘cCsc[cx]2732ArcSin[7Cd]
16 d3/2 \/7
(Jicx/?m/?) Co‘c[l <71+2Ar‘cCsc[cx})]
ArcTan | 4 |+
vcid+e
(_\/? m) e-1iArcCsclcx]
41171Log[1+ },
c/d
(_\/— m) -1 ArcCsc[c x]
8 i ArcCsc[cx] Log[1+ ]+
cVd
1+?\/% (7\5 m) -1 ArcCsc[c X]
16 i ArcSin[ ————] Log|[1 + |+
V2 cd
(\/? m) -i ArcCsc[c x]
41ilog|l- | -
cVd
(\/?+m) @-iArcCsclcx] 1+ ?%
8 1 ArcCsc[c X] Log[l— ]—16]‘1Ar‘csin[7}
cVd V2
(\E m) —1i ArcCsc[c X]
Log[1- | +81iArcCsc[cx] Log[1-e?thArccsclex]] _
cVd
\/? m -1 ArcCsc[c x]
4irLog[Ve - d | +8PolyLog|2, ( ) |+

X cvd
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(\/F+“/c2d+e ) @i ArcCsclcx]
cd

8 Polylog|2, ] +4PolyLog |2, e?iArccsciex]]

Problem 103: Result more than twice size of optimal antiderivative.
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Problem 104: Result more than twice size of optimal antiderivative.
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Problem 105: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 106: Result more than twice size of optimal antiderivative.
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Problem 107: Result more than twice size of optimal antiderivative.
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Problem 111: Result more than twice size of optimal antiderivative.
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] .
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(_\/F m) -1 ArcCsc[c x]

8 i ArcCsc[cx] Log[1+

] +

cVd
1+?\/% (,\E m) ~i ArcCsc[c x]
16 i ArcSin|[ —————] Log|[1+ ]+
V2 cVd
(\/? m) -1 ArcCsc[c X]
4imlog[l- ] -
cVd
(\/?+«/c2d+e)e—j1Ar‘cCsc[cx] 1+i4\%
8 i ArcCsccx] Log[1- | -16 i ArcSin| ——]
cVa vz
(\/? m) —i ArcCsc[c x]
Log[1- | +81iArcCsc[cx] Log[1 - e?tArecsclex]] _
cVd
\/? m —i ArcCsc[c x]
4irnLog[Ve - d | +8PolyLog|2, ( ) |+

X cvd

(\/? m) -1 ArcCsc[c X]
cVd

8 Polylog |2, | +4PolyLog|2, e?*Arccsclex]]

Problem 112: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx3 (a+bArcCsclcx]) ;
X

(d+ex2>3

Optimal (type 3, 157 leaves, 6 steps):
bc(c2d+2e) xAr‘cTan[m]

bexV-1+c2x? x* (a+bArcCsc[cx]) Jade
- + +
8e (c?d+e) Vcrx? (d+ex?) 4d (d+ex?)? 8de¥2 (c2d+e)?~/c2x?

Result (type 3, 390 leaves):
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2bce [1- - x
1 4ad 8 a o

16 e? (d+ex2)2 drex? (c2d+e) (d+ex?)

4b (d+2ex2) ArcCsc[c x] 4bAr~cSin[i] 1

+ +

(d+ex?)? d d(-c2d-e)??

1
16d+/-c?2d-e &3? ]l\/?+C{C\/d—J'l\/—C2d—e 1- —
\ c2x

N S
d (—czd—e)g'/2

1
16d+/-c?d-e e3/? —\/?+c[—jlcﬁ+x/—c2d—e 1-

bve (c*d+2e) Log|

il

1l

(b (c2d+2e) (\/?+Ji\/?x>>}+

bve (c?d+2e) Log|-

c? x?

(b (C2d+2e) (J'L\H+\EX)) ]

Problem 113: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcCsclcx]) 5
X

<d+ex2)3

Optimal (type 3, 193 leaves, 8 steps):
bcxvV-1+c?x? a+bArcCsc[cx]

8d (c2d+e)Vc2x? (d+ex?) 4e(d+ex2)2

bc <3<32d+2e)xAr‘cTan[VF ’1+C2X2]
bcxArcTan[+/-1+c2x? | o
+
4d2eW 8d2\/?(czd+e)3/2 22

Result (type 3, 385leaves):
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2bc [1- .
1 42 ¢ @ X 4bArcCsc[c X] 4bAr‘c51n[i]
- . ~ N .
16 | e(d+ex?)? d(c*d+e) (d+ex?) e (d+ex?)? a2 e

X

16d%~/-c2d-e Ve

{b (3c?d+2e) Log]|

1
ive +C{C\/d—i\/—czd—e 1- -~
\ c2x

/(d2 (—czd—e)g'/zx/?) +

1
- 7I —_ 2 —_ -
Ve +c icvd +4/-c“d-e 1 2.

] /(d2 (—czd—e)3/2\/?)

/

b (3c2d+2e)

(b(3c2d+2e) (Wnlv?x))]

16d2+/-c2d-e e

Log|- X

(b (3c2d+2e) (j\/?+\/?x>)

Problem 114: Result more than twice size of optimal antiderivative.

a+bArcCsc[cx]
J dx

X (d+ex2)3

Optimal (type 4, 704 leaves, 28 steps):
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1_1

c? x?

e? (a+bArcCsc[cx])

e (a+bArcCsc[cx]

)

8d? (c>d+e) (e+:7) X

i (a+bArcCsclcx] >2

+

4.d3 (e+i)2

X2

b V?Ar‘cTan[

N[ c?die

ce 1—%x
e X

_ @ e+ g

XZ

| be (c2d+2e) ArcTan|

+

ce 1- 212 X
cex

N c?die

]

"
2bd?

(a+bArcCsclcx]) Log|

d3+vc?d+e
1 ic Zd @i ArcCsclcx] ]

Ve -/ c2d+e

8d3 (c2d+e)3/2

(a+bArcCsclcx]) Log|

ic/—d elhArecsclex)
1+

Ve -1/ c?d+e

2d3

(a+bArcCsc[cx]) Log|

17 ic {7d enArcCsc[cx' ]

Ve +/c?dre

2d3

(a+bArcCsc[cx]) Log|

1+ ic {7C| enAr‘cCsc[cx]

Ve +/c?d+e

2d3

ib PolyLog[Z, -

e -+/c?d+e

d ei ArcCsc|c

3

ib PolyLog[Z,

2d?
ic {7d eJ‘:Arc(:sc[cx} }

e -/ c?d+e

2d3

ibPolyLog[2, - *<

—d ei ArcCsc|[c

Ve +/c2d+e

XJ}
+

i bPolylog|2,

2d?
ic {7d ejArcCsc{ch }

Ve +/ c2d+e

2d3

2d3

Result (type 4, 2114 leaves):

a a

aLog[x]
+ +
4d(d+ex2)2 2d? (d+ex?)

d3

alog[d+ex?]
2d3

2V Ve Ve

icd Voczde [1-—2 |x
\ 2x2

L \ !
.| ArcSin { %l Og[
1

\ -c?d-e [Ww\/jx

}

Ve

ArcCsc[c x]

\ -c%d-e

- +
—i\/?\/?+ex

16 d5/2

Vd
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2d e

e «c

icy/:w\ c?d-e V1ﬁ1x‘
[ 2 x
)

Log{ W -c2d-e Wdﬁ f\\/:x‘ }

i ArcSin Liw ~

Ve A\ -c?d-e

ArcCsc[c X]

1
Je |- ;
16 d5/2 id Ve +rex Vd

jcx@ R

X . 1
1 e ArcCsc[c x] ArcSin | ;}

16 d? e \/?(CZdJre) (711\/d_+\/?x) 7\5(*]'1\/?+\/?X)27 d\/?

+

4d+/e \/c?d+e [Ji\/?% [cﬁfWEH
(2c2dve) (-ivd +Ve x| } 1
"
d <C2d+e)3/2 16 d?

i(2c2d+e) Log|

icve [1--- x N
2x Ar‘cSm[f]
ArcCsc[c x 1
e |- ~ [cX] ~ ex |

\H(CZdJre) (j\HJr\/?x) \/?(Ji\/?+\/?x)2 dve d(c2d+e>3/2

4d+e v/c2d+e

i(2c*d+e) Log|-

X
c? x?

1
-1 e+c[cx/?+x/c2d+e 1-

1
16 d3

i |7® -4 ArcCsc[c x] + 8 ArcCsc[cx]? -

(<2c2d+e) (]'l\/?Jr\/?X)) ]

T (—icﬁ+x/?)€ot[l<7T+2Ar‘cCsc[cx})]
32 ArcSin|[ ————] ArcTan| 4 |+
V2 Jc2dre
(\/?_m) @-1ArcCsccx]

cd

4imlog[l+

] -
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(ﬁ m) e-iArcCsc[cx] 1- ?%
8 i ArcCsc[cx] Log[1+ | +16 i ArcSin|[ ]
cd NEY
(\E m) -1 ArcCsc[c X] (\/?+m) @-iArcCsclcx]
Log[1+ | +4inLog[1+ ] -
cd c\d
(ﬁ */c2d+e) -1 ArcCsc[cX] 1—?\/%
8 i ArcCsc[cx] Log[1+ | -16 i ArcSin| ]
cVd NEY
(\/? m) e-1ArcCsccx]
Log[1+ ] + 81 ArcCscc x] Log[ 211Ar‘cCsc[cx]] B
cd
d (_\/?+m) e-1ArcCsc[cx]
4irnLog[Ve + ] +8PolyLog|2, ]+

X cvd

(\/? m) —i ArcCsc[c x]

8 Polylog|2, - | +4PolyLog|2, et Arccsclex]]

cVd
1+EE
1 cVd
i (7 -4mArcCsclcx] +8ArcCsclcx]?-32ArcSin[ ————]
16 d? V2
(J'lC\/?+\/?) Cot[ > (m+2ArcCsclcx]) |
Ar‘cTan[ K ]+
Vve2d+e
(_\/? m) -i ArcCsc[c X]
4imlog[l+ ] -
cVd
(_\/? m) -i ArcCsc[c X]
8 i ArcCsc[cx] Log[1+ |+
cVd
1+ ?\% (_\/F m) e-1ArcCsccx]
16 i ArcSin[ ———] Log[1 + |+
N2 cVd
(\E m) ~1i ArcCsc[c x]
41irlog|l- ] -
cVd
W; m) -1 ArcCsclcx] 1+ i;@
8 i ArcCsc[cx] Log[1- | -16i ArcSin| ]

cd NEY
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(\/? m) -i ArcCsc[c x]

Log[1- | +81iArcCsccx] Log[1l - eihrccsclex]] _
cd
Ve —vc2d+e -i ArcCsc[c x]
4117TLog[\/?— d }+8PolyLog[2, ( ) }+

X cvd

(\E m) —i ArcCsc[c x]

: 1
8 Polylog {2, ] + 4 Polylog [2) @2 iArcCsclcx] ] .=
c \/? d3
1 .
~ArcCsc[cx] Log[1-e2iArecsclex]] 4 = (ArcCsc[cx]?+Polylog|2, e Arccsclexi)

2

Problem 118: Result unnecessarily involves higher level functions.

st \Jd+ex* (a+bArcCsclcx]) dx

Optimal (type 3, 403 leaves, 12 steps):

b(23c*d?+12c2de-75€e?) x\/-1+2x? V/d+ex?

_ 1680 c® e/ c? x? _

b(29c2d—25e)xx/m(dJrexz)g/2 bxx/m(dJrexz)S/2
840 3 e?\/c2x2 + 42cer/2x?

d? (d+ex2)3/2 (a+bArcCsclcx]) 2d(d+ex2)5/2 (a+bArcCsclcx])

+

+

3¢l 5e3
) 8bcd7/2xAr‘cTan[@
(d+ex2) (a+bAr‘cCsc[cx]) Ja A 1ex
7e? 105 e3 4/ 2 x2

b (105 c®d® 35 c*d? e + 63 c2de? + 75 e?) x ArcTanh [ Y [1ex |

c+/d+ex?

1680 c® e>/2+/c? x?
Result (type 6, 705 leaves):

| 55
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)

-75c?e*x? + c®d® (128d - 105 e x?) ) AppellFi[1,

((35(:6d2e2x263c4de3x2

e x? 1 3 ex
2, 2x?, - ——] +32c3d®x? | -eAppellF1[2, —, =, 3, X3, - —] +
2 2
3 1
c?dAppellFi[2, =, =, 3, ¢ x?, - /
2 2
542 2 2 2 1 1 d
840 c>e® (-1+c*x?) \/d+ex* |-4c?ex?AppellFl[1, — —,2, s -]+
2’ 2 c? x? e x?
2 d AppellFi1|2 12, ——] - eAppellF1] - i]
c ppe ) 2’ 2) ’CZXZ _eX _e ppe 3 El B C2X2J_eX2
1 1 , ., ext
4dAppellFl[1, =, =, 2, X2, - |+
2 2 d
1 3 e x? 3 1 e x?
x2 (eAppellFl[Z, =, =, 3, c2x*, - ——| +c2dAppellF1[2, =, —, 3, ?x?, - ] ]]
2 2 d 2 2

1
———+/d+ex?® |16ac® (8d3—4dzex2+3de2x4+15e3x6> +

1680 c> e3

(75e2+2c2e (19d+25ex2) +c? (—41d2+22dex2+40e2x4)) +

c? x?

16bc® (8d*-4d>ex*+3de”x*+15e’x®) ArcCsc[cx]

Problem 119: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

Jx3 \Jd+ex? (a+bArcCsclcx]) dx

Optimal (type 3, 294 leaves, 11 steps):
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b(c2d+9e) xvV-1+c2x2 \/drex2 bxy-1+c2x? (d+ex2)3/2

+

120 c3 e/ c?x? 20ce/c2x?
d (d+ex2)3/2 (a+bArcCsclcx]) (d+ex2)5/2 (a+bArcCsclcx])
3e? ' 5 e? '
2bcd5/2xAr‘cTan[@] b (15c*d*-10c?de-9e?) xAr‘cTanh[@}
NERETE cfdiext
15e2+/c2x2 120 c* e3/2/c2 x2

Result (type 6, 627 leaves):

, 1 3 1 d 301 1 d
[c d AppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3, s -— |+
2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 4 2,2 2 o3 2 6 42 2
4 AppellF1[1, =, =, 2, -——] |(1ec*de’x* +9c?e*x? + c®d? (16d - 15e X))

2 2 c? x? ex

1 1 x2 3
AppellFi[1, =, =, 2, ¢ X2, | +acbd?x? (—eAppellFl[Z, =, =,
2 2 2
e x? 3 1 e x?
3, 2x?, - ——] +c*dAppellF1[2, =, =, 3, X2, - ] ]] /
d 2 2
1 1 1 d
{60 e (-1+c2x?) \Jd+ex® |-4c’ex®AppellFi[1, =, —, 2, s -— |+
2 2 c? x? e x?
c?d AppellF1|2 12,5 2 i} e AppellF1[2 SR i]
pp B 2’ 2-' )CZXZJ_exz - pp b 2) 2) B CZXZ)_eXZ
1 1 e x?
[4dAppellF1[1, TR i

2 2

1 3 x2 3 1 e x?
-eAppellF1[2, =, =, 3, ?x?, - ——| +c>dAppellF1[2, =, =, 3, ZX?, - ] ]J +

2 2 2 2

1
———+/d+ex?® |8ac? (—2d2+dex2+3e2x4) +be

120 c3 e?

(9e+c® (7d+6ex?)) +

8bc’ (-2d*+dex*+3e”x*) ArcCsc[c X]



58 | Mathematica 11.3 Integration Test Results for 5.6.1 u (a+b arccsc(c x))~n.nb

Problem 120: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JX\/d-%—EXZ (a+bArcCsclcx]) dx

Optimal (type 3, 195leaves, 9 steps):

bxvV-1+c2x2 J/d+ex? (d+ex2)3/2 (a+bArcCsc[cx])
+

6 cc?x? 3e
bcd3/2xAr‘cTan[@] b (3c2d+e) xAr‘cTanh[@}
Nd A -14c2 X2 c+/drex?
+
3e/c?x? 6c2/e V2 x?

Result (type 6, 547 leaves):

1 1 1 e x2
bd |1- x> | (3c®d+e) AppellF1[1, —, =, 2, x>, - ——|
c? x? 2 2 d
5 1 3 1 d 301 1 d
(c d AppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3, -—]|+
2 2 c? x? e x? 2 2 c? x? e x?
1 1 1 d
2 AppellFi|1, =, —, 2, -——] [(-2c?e?xX?+2c*d (2d-3ex?))
2 2 c? x? e x?
1 1 x2 1 3 e x?
AppellF1[1, =, =, 2, ¢ x?, - —— | +c*dx? [-eAppellF1[2, =, =, 3, c*x?, -
2 2 2 2 d
5 3 1 , ., ex?
c?dAppellF1(2, =, —, 3, x*, - —] /
2 2
1 1 1 d
[3c (-1+c*x?) \/d+ex? |-4c?ex?AppellFl[1, —, =, 2, s -+
2 2 c? x? e x?
2 d AppellFi|2 12,5 2 i} AppellF1|2 SR i]
c ppe B 2_‘ ZJ El c2 XZJ _eX2 _e ppe b 2) 2) B c2 X2 - eX2
1 1 , ., ex?
4dAppellFl[1, =, =, 2, 2 x*, - ——] +
2 2 d
1 3 e x? 3 1 e x?
x2 (—eAppellFl[Z, =, =53, %%, - ——] +2dAppellF1[2, =, =, 3, *x?, - —]
2 2 d 2 2 d

Problem 126: Unable to integrate problem.

dx

j\/d+ex2 (a+bArcCsclcx])

X4
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Optimal (type 4, 328 leaves, 11 steps):

2bc(c2d+2e)\/—1+c2x2 \d+ e x?

9d+/c?x?
bcv-1+c2x? Vd+ex? (d+ex2)3/2 (a+bArcCsclcx])
- +
9 x2+/c? x2 3dx?

e

2bc? (c?d+2e) x+/1-c?x? v/d+ex?® EllipticE|[ArcSin[cx], - —
2
csd

e x2
9d\/c2x2 \/—1+c2x2 1+ -
d

2
b(c*d+e) (2c*d+3e) x+/1-c*x? 1+e: EllipticF[Ar‘cSin[cx],—zi]/
csd
(9d\/c2x2 \/—1+c2x2 \/d+ex2

Result (type 8, 25leaves):
J\/d +ex? (a+bArcCsc[cx])

dx

x4

Problem 127: Unable to integrate problem.

dx

J\/dJrex2 (a+bArcCsclcx])

x6

Optimal (type 4, 453 leaves, 12 steps):
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bc(24c*d?+19c?de-31¢?) Vo1+e2x2 Jdrex?

225d%/c? x?
bc(12c2d-e) V-1+c2x2 Vdrex? bcV-1+c2x? (d+ex?)??
225d x? /2 x? 25d x*+/ c? x?
(d+ex?)*? (a+bArcCsclcx]) 2e (d+ex?)*? (a+bArcCsclcx])
+ +
5dx° 15d? x3
. . . e
(bc2 (24c*d*>+19c’de-31¢?) x\/l—czx2 \/d+ex2 EllipticE[ArcSin[cx], —T})/
c-d
2 2,2 2,2 eX2
225d \/cx \/—1+cx 1+ -
d

2
b(c®d+e) (24c*d*+7c2de-30e?) x\/1-C*X? 1+e: EllipticF[Ar‘cSin[cx},—zi]/
c-d

(225d2\/c2x2 \/—1+c2x2 \/d+ex2

Result (type 8, 25leaves):
J\/d +ex? (a+bArcCsc[cx])

6

dx
X

Problem 128: Result unnecessarily involves higher level functions.

Jx3 (d+ex2)3/2 (a+bArcCsclcx]) dx

Optimal (type 3, 374 leaves, 12 steps):

b (3c4d2—38c2de—25e2) xV-1+c2x2 \/d+ex?
- +

560 c®> e/ c? x?

b (13c2d+25¢e) x\/-1+c2x? (d+ex2)3/2 bx+/-1+c?x2 (d+ex2)5/2
N _

840 c3 e/ c? x? 42 cerc?x?
d (d+ex2)5/2 (a+bArcCsclcx]) (d+ex2)7/2 (a+bArcCsclcx])
+ +
5 e? 7 e?

2bcd7/2xAr‘cTan[@] b(35c"’d3—35c4d2e—63c2de2—25e3)xAr‘c:Tanh[E ’1”2’(2}

Vd A -1+c2x? c+/die x?

35e2+/c? x? 560 cb e3/2 1/ c? x?
Result (type 6, 679 leaves):
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1
1- x3
c? x?

1 1 ex?
(35¢®d®-35c*d?e-63c?de? - 25€®) AppellF1[1, —, —, 2, 2x?, - —|
2

cszppellFl[Z -, — 3 77} —eAppellFl[Z -5 —» 3 +
( ? 2, 2’ ? Cz)(ZJ eXZ ’ 2’ 2, ? C2X2, ex2
? 2’ 2, ? CZXZJ eXZ

((35(:‘5d2e2x2+63c“de3x2+25c2e4x2+c8d3 (32d-35ex?))
1 1 e x? 1
AppellF1[1, =, =, 2, ¢*x?, - ——] +8c®d> x? [eAppellFl[Z, =,
2 2 d

2

ex 3 1 ex
3, x?, - ——] +c2dAppellF1[2, =, =, 3, *x?, - —— ]] /
d 2 2
1 1 1 d
[280 e (-1+c?x?) \/d+ex® |-4c’ex®AppellFi[1, —, —, 2, s -]+
2 2 c? x? e x?
2 d AppellF1[2 12, ——] - eAppellF1]2 - i]
C ppe JZJ 2) ,CZXZ _eX _e ppe 3 3 El JC2X2J_eX2
2,2 eX2 2
4dAppellFl[1, =, =, 2, X%, - ——] +x
d

#xld+ex2 -48ac’ (2d—5ex2) (d+ex2)2+

1680 c® e?

(75e*+2c?e (82d+25ex?) +c* (57d*+106dex® +40e*x*)) -

48bc> (2d-5ex?) (d+ex2)2Ar‘cCsc[cx]

Problem 129: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx (d+ex2)3’/2 (a+bArcCsclcx]) dx

Optimal (type 3, 262 leaves, 10 steps):
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bx+ -1+ c2x> (d+ex2)3/2
.

b(7c2d+3e) xV-1+c2x2 +/d+ex?
.
2

20c\/c?x

40 c3/c? x?
b cd®2 xArcTan| @}
\d A/ -1+c2 x?
N

(d+ex?)*? (a+bArcCsclcx])
>e 5e+c?x?
b (15c*d*+ 10 c?de+ 3 e?) xArcTanh| Ve y-1rctx? ]
c+/d+ex?
40 c*Je Vcrx2
Result (type 6, 602 leaves):
1 e x2

1
(15c*d®+ 18 c*de +3e?) AppellFl[1, —, —
272

1
bd |[1- x3

c2 X2
R 1 3 1 d 3 1 1
(c d AppellF1[2, =, =, 3, , - ——| -eAppellF1[2, =, —, 3,
2 2 c?2 x? e x? 2 2 c? x?
4 AppellFi[1 S L]
ppe )2J 2) chxz)iexz

((—lec“dezxz—3c2e3x2+c6d2 (8d-15ex?)) AppellF1[1, —, —, 2, c?
2 2

1 3 e x?
2c®d?x? |-eAppellF1([2, —, =, 3, 2x?, - —| +
2 2 d
5 3 1 , , ex?
c?dAppellFi[2, =, =, 3, X%, - —| /
2 2
3 2,2 2 2 2 1 1 d
207 (-1+c*x%) \/d+ex? |-4c?ex? AppellFl[1l, —, —, 2, -]+
2 c? x? e x?
, 1 3 1 1
c?dAppellFi[2, =, =, 3, -——] -eAppellF1[2, =, =, 3, ——
22 c? x? ex 2 c? x?
e x?
[4dAppellF1[1, , =, 2, X%, - |+
d
5 1 3 , , ex? 5 3 1
X —eAppellFl[Z, —, —, 3, x5, —7] +C dAppellFl[Z, —5 —5 3, C
2 2 2 2
1
; A/d+ex? 8ac3(d+ex2)2+be X (3e+c* (9d+2ex?)) +
40c’ e

8bc’ (d +ex2)2Ar‘cCsc[c x]
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Problem 136: Unable to integrate problem.

dx

J(d+ex2)3/2 (a+bArcCsccx])
6

X

Optimal (type 4, 416 leaves, 12 steps):

bc(8c*d?+23c2de+23¢e?) V-1+c2x2 Jd+ex? 4bc (c2d+2e) Vo1+c2x2 Jd+ex?

75d+/ c? x? 75 x2 /¢ x?
bcv-1+c2x? (d+ex2>3/2 (d+ex2)5/2 (a+bArcCsclcx])
- +
25 x4/ c2 x2 5dx°
e
(bc2 (8c*d*+23c?de+23¢e?) x\/l—czx2 \/d+ex2 EllipticE[ArcSin[cx], —2—] /
c-d

e x?
75d\/c2x2 \/—1+c2x2 1+ -
d

2
b(c®d+e) (8c*d?*+19c?de+15e?) x/1-c*X? 1+e;< EllipticF[Ar‘cSin[cx},—zi]/
c-d
(75d\/c2x2 \/—1+c2x2 \/d+ex2

Result (type 8, 25leaves):

(d +ex2)3/2 (a+bArcCsclcx])
J dx

x@

Problem 137: Unable to integrate problem.

(d+ex?)*? (a+bArcCsclcx])
J dx

x8

Optimal (type 4, 554 leaves, 13 steps):
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1
-———————bc(240c®d®+528c*d’ e+ 193’ de’ - 247 &%) \/—1+c2x2 \/d+ex2 -
3675 d? v/ c? x2
bc (120 c*d? +159c2de-37e?) -1+ c2x2 Vd+ex?

3675 d x? / 2 x?
bc(30c2d+11e) V-1+c2x?* (d+ex?)?’? becV-1+c2x?* (d+ex?)”?
1225d x* v/ c? x? 49 d x® / c? x?
(d+ex2)5/2 (a+bArcCsclcx]) 2e (d+ex2)5/2 (a+bArcCsclcx])

+ +
7dx’ 35d2 x°

(bc2 (240 c®d®+ 528 c*d* e+ 193 c*de’ - 247 ) x\/l—czxz \/d+ex2

e
EllipticE[Ar‘cSin[c x], —T})/ 3675 dz\/c2 x2 \/—1+c2 x2
c-d

2b (c2d+e) (120c6d3+204c4d2e+17c2de2—105e3) x4/ 1-c?x?

e
EllipticF[Ar‘cSin[c x], —2—} /(3675d2 \/c2x2 \/—1+c2x2 \/d+exz
ccd

Result (type 8, 25leaves):

dx

J(d+ex2)3/2 (a+bArcCsclcx])
8

X

Problem 138: Result unnecessarily involves higher level functions.

st (a+bArcCsclcx]) ;
X

Vd+ex?

Optimal (type 3, 321 leaves, 11 steps):
b(19c2d-9e) xV-1+2x? /drex? bxV-1+c2x* (d+ex?)’?

+ +
120 c3 e?+/c? x? 20 c e?/c? x?
d>Vd+ex? (a+bArcCsc[cx]) 2d (d+ex2)3/2 (a+bArcCsclcx])
- +
e? 3e3

5/2 8bcd¥? xAr‘cTan[@]
(d+ex?)”* (a+bArcCsc[cx]) VT L
- +

5e 15 e3 /2 x?

b (45c3d? 10c2de + 9 e?) x ArcTanh [ LEl2cx |
c/drex?

120 c* e>/2/c? x?
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Result (type 6, 629 leaves):

1 1 1 e x?
bd |1- x> | (45c*d®-18c*de+9e®) AppellFl[1, —, —, 2, *x*, - —|
22 2 2 d
2 d AppellFi|2 SO g i} AppellF1|2 SR g i]
(C ppe :2: 2: :czxz:_exz - @ Appe 12: 2) JCZXZ _exz +
1 d

2

1 1
4 AppellFi[1, =, —, 2, B
2 2 c? x? ex

| 65

1 1 e x?
((10 ctde?x?-9c?e*x?+ c®d? (64d-45ex?)) AppellFl[1, =, =, 2, 2x?, - —] +
2 2 d
1 3 e x?
16 c®d? x* | -eAppellF1[2, =, =, 3, *x%, - — | +
2 2 d
2 3.1 , ., ex?
C dAppellFl[Z, —, —, 3, €c°x°, —7] /
2 2 d
1 1 1 d
[60 e? (-1+c*x?) \/d+ex? [-4c?ex?AppellFl[1, —, —, 2, y -]+
2 2 c? x? e x?
, 13 1 1 d
c*dAppellFi[2, =, =, 3, - ——| -eAppellF1[2, =, —, 3, -—]
22 x> ex 2 c? x? e x?
1 1 , , ex?
4dAppellFl[1, —, =, 2, 2 x%, - ——] +
2 2 d
1 3 e x? 3 1 e x?
X2 (_EApPEIlFl[ZJ =, = 3, Cz XZ, ——] +C2dApp91lF1[2, -, —, 3, C2 Xz, ——]]]J +
2 2 d 2 2 d

1
————/d+ex? |8ac? <8d274dex2+3e2x4) +be

120 c3 &3

c? x?

8bc® (8d°-4dex®+3e®x*) ArcCsc[cx]

X (9e+c2 (—13d+6ex2>) +

Problem 139: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

dx

JXS (a+bArcCsclcx])
Vd+ex?
Optimal (type 3, 225leaves, 10 steps):
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bxvV-1+c2x2 J/d+ex? dvVd+ex? (a+bArcCsccx]) (d+ex2)3/2 (a+bArcCsc[cx])

- + +
6cec?x? e? 3e?
2bcd3/2xAr‘cTan[@ b(3c2d-e) xAr‘cTanh[ﬁ “Lectx?
Vd A/ -1+c2x? c+/d+e x?
3e2+/c? x? 6 c2e3/2+/c? x?

CZ X2

5 1 1 , ., ex? 5 1 3 1 d
(3c*d-e) AppellFi[1, =, =, 2, 2x?, - —| (c dAppellFi1[2, =, =, 3, , -
2 2 d 2 2 c? x? e x?
AppellF1|2 301 3, -+ a4 || +4AppellFi[1 11, 1t a4 ]
e Appe :2: 2: :czxz:_exz + ppe 12: 2: :czxz:_exz
2 A2 2 4 2 1 1 2,2 eXZ 4 2
(c?e?x?+c*d (4d-3ex?)) AppellF1(1, —, —, 2, ®x?, - —— ] +c*dx* |-eAppellF1|
2 2 d
1 3 , , ex? 5 3 1 , , ex?
2, -, -, 3,c x,—7}+c dAppellFl[Z, —5 —5 3, C x,—i] /
2 2 d 2 2 d
1 1 1 d
3ce (-1+c2x?) \Jd+ex? |-4c?ex?AppellFi[1, —, =, 2, y -]+
2 2 c? x? e x?
, 13 1 3 1 d
c?dAppellFi[2, =, =, 3, - ——] -eAppellF1[2, =, =, 3, -—]
2 2 c? x? ex 2 2 c? x? e x?
1 1 e x?
[4dAppellF1[1, =, =2, X, -] 4%
2 2 d
1 3 , ., ex? 5 3 1 , ., ex
-eAppellF1[2, =, =, 3, 2x?, - ——| +c>dAppellF1([2, —, =, 3, ZX?, - ] +
2 2 2 2

1
\Jd+ex? |-4acd+be

6ce?

2bc (-2d+ex?) ArcCsc[cx]

Problem 140: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx (a+bArcCsclcx]) 5
X

Vd+ex?
Optimal (type 3, 132leaves, 9steps):
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Ja _fde R ET
b d xArcT b x ArcTanh
d+ex? (a+bAr‘cCsc[cx]) ¢ XArc an[ } xArclan [ ]

Vd A -1+c? X2 c+/drex?
- +
e e/ c?x? Ve Ve x?

Result (type 6, 271 leaves):

242
3b(c?d+e) [1- ! 7/ d+ex? AppellFl[l,fl,l,i,ﬂ,lfczxz]/
2 2 2

CZ X2

c’d+e
1 1 3 e-c?ex?
cex (-3 (c*d+e) AppellFl| =, - =, 1, =, ————, 1-c2x?| +
2 2 2 c2d+e
3 1 5 e-c’lex?
(-1+c*x%) |2 (c*d+e) AppellF1[ =, - =, 2, =, ———, 1-c*X*] -
2 2 2 c’d+e

3 1 e-c’ex? -
eAppellFl[;, =1, &, ————, 1-c*x?]

5
2 2 c?d+e

J Vd+ex? (a+bArcCsclcx])
.

e

Problem 146: Unable to integrate problem.
Ja+bAr‘cCsc[c X]
x*+/d +ex?

Optimal (type 4, 362 leaves, 11 steps):

dx

bc<2c2d—5e)\/—1+c2x2 Vdrex?  bev-1+2x2 Jdrex?

9d?+/c?x? 9dx2/c2x?
\/m(aerAr‘cCsc[cx]) 2e\/m(a+bAr'cCsc[cx}>

3dx3 ' 3d? x :
(bc2 (Zczd—Se)x\/l—czx2 \/d+ex2 EllipticE[ArcSin[cx], —i] /

2
ex

9d2\/c2x2 \/—1+c2x2 1+ -
d

2
2b (c*d-3e) (cPd+e) x\/1-c*X 1+e: EllipticF{Ar‘cSin[cx},—zi]/
c-d
(de\/czx2 \/—1+czx2 \/d+ex2

Result (type 8, 25leaves):
a+bArcCsc[cx]
J dx

x*\Vd+ex?

Problem 147: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

st (a+bArcCsclcx]) ;
X

(d+ex2)3/2

Optimal (type 3, 252 leaves, 10 steps):
bxvV-1+c2x2 Vd+ex? d?(a+bArcCsc[cx])

6 ce?/c?x? e3\/d+ex?
2d+d+ex?* (a+bArcCsc[cx]) <d+ex2)3/2 (a+bArcCsclcx])
+ +
e3 3e3

8bcd3/2xArcTan[@] b(9c2d-e) xAr‘cTanh[Lﬁ —
Vo -ticix cJdrext

X2 6 CZ e5/2 CZ X2

Result (type 6, 586 leaves):
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1 1 1 e x?
-||bd [1- x3 <9c2d—e)AppellF1[1, =, T, 2, %, -]
c? x? 2 2 d
2 d AppellF1|2 12, i} AppellF1[2 2,1, 2 L]
(C ppe 12) 2: chxzzfexz - € Appe 121 2) ,szz,iexz +

1

—i] (c2e2x2+c4d (16d—9ex2)>

J
c? x? e x?

1
4 AppellFi[1, —, —, 2,
2

2

1 ex
=, 2, %%, - ——| +4ctdx?

AppellF1|1,
d

bl

N R N R

1 3
-eAppellFi[2, —, =,
2 2

e x?
3, 2x?, - ——] +c*dAppellF1|2,
d

3ce’ (-1+c?x?) Jd+ex?

c? d AppellFi|2,

-4 c?ex?AppellFi|1 11 2 -]+
pp Bl 2) 2) J 3

1

d
= XZ, —e?} —eAppellFl[Z,
1 1 ex
[4dAppellF1[1, > 2, c2x?, —T} + X2

N |

N |
-
N W
.
w
-
N
N
X
N
-

+
N
N
a
>
©
he]
10}
[
=
m
[N
N
-
N W
.
N |
-
w
-
N
-

I

(eAppellFl[z,

1

6ce3\/d+ex?

a
c
(8d*+4dex®-e*x?) -2
b

c

(8d*+4dex®-e*x*)

ArcCsc|c x]

Problem 148: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

jx3 (a+bArcCsclcx])

(d+ex2>3/2

Optimal (type 3, 156 leaves, 9 steps):
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d (a+bArcCsc[cx]) +d+ex? (a+bArcCsc[cx])

+ —

e2/d+ex? e?
2bcx/?xAr‘cTan[@} bXAr‘cTanh[@}
NERVIETEIE cfdiex?
+
e?2+/c? x? 03/2 /2 x2

C2 X2

R 11 1 d , 11
- [(Zc AppellFi[1, =, =, 2, y -] /(4c e x? AppellF1[1, —, —,
2 2 c? x? e x2 2 2
! i] 2 d AppellFi|2 O L]
chxz:*exz -C ppe 12,' 2) JCZXZJ’eXZ +
3 1 1 d 1 1 , , ex?
eAppellF1[2, =, =, 3, , -] ] +AppellF1[1, =, =, 2, c*x?, 7—]/
22 c? x? e x? 2 2 d

e x?

11 2,2 2 13 2,2
4dAppe11F1[1, —, —, 2, C°X°, —7] + X —eAppellFl[Z, —, —, 3, c°x5, —7] +
2 2 d 2 2 d

3 1
c*dAppellfF1(2, =, —, 3, > x*, - —]
2 2

e (-1+c2x?) m% (2d+ex?) (a+bArcCsclcx])

e2+d+ex?

Problem 149: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JX (a+bArcCsclcx]) 5
X

<d +e XZ) 372

Optimal (type 3, 79leaves, 4 steps):
b c x ArcTan [@]

a+bArcCsc[cX] Vd A -1+ x?
- +
e/d+ex? \Vd e x?

Result (type 6, 190 leaves):
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1 1 1 d
2bc3 - x3 AppellFi(1, =, —, 2, y -] /[(—1+c2x2) 7/ d+ex?
c? x? 2 2 c? x? e x?
, 11 1 d R 1 3 1 d
4 c?ex?AppellFl(1, =, -, 2, , - ——] -c?dAppellFi[2, =, =, 3, , -]+
202 c2 x? e x? 2 2 c2 x? e x?
3 1 1 d a+bArcCsc[cx]
eAppellF1[2, =, =, 3, y -] ) -
2 2 C2X2 eX2 ef\(d+eX2

Problem 155: Unable to integrate problem.

a+bArcCsc[cx]
j dx

x2 <d+ex2)3/2

Optimal (type 4, 275leaves, 10 steps):

bcv-1+c2x2 Vd+ex2 a+bArcCsc[cx] 2ex (a+bArcCsclcx])
- - - +

d?+/c? x? dx+d+ex? d?>+/d+ex?
be2x/1-c2x2 V/d+ex? EllipticE[ArcSin[cx], —%d]
C

2
e R R S b E

b(c?d+2e)xVi-c2x* [1+ ed_x2 EllipticF[ArcSin[cx], - =]

d2V/e?2x2 V-1+c2x%2 /drex?

Result (type 8, 25leaves):
Ja +bArcCsc[cx]

dx

x2 <d+ex2)3/2

Problem 156: Result unnecessarily involves higher level functions.

st (a+bArcCsclcx]) 4
X

(d+ex2>5/2

Optimal (type 3, 243 leaves, 10 steps):

bcdx/-1+c2x2 d* (a+bArcCsc[cx]) 2d (a+bArcCsclcx])
- + +
3e (c2d+e) Ve2x2 Vdrex? 3¢ (d+ex?)®? e3+/d+ex?
8bcx/?xAr‘cTan[@} ber‘cTanh[ﬁ et ]
Vd+ex? (a+bArcCsclcx]) NN cfdrext
- +
e’ 3e3 /2 x? e>2+/c2x?

Result (type 6, 416 leaves):
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1

c? x2
1 d
— ]

(g2 11 -
8 c? AppellFl[1, —, —, 2, s
2 2 c2x?  ex?

2.2 11
4c?ex? AppellFi1, =, =,
2 2

1 d

! i] 2 d AppellFi[2 123 —]

,czsz_exz "€ ppe T2’ 27 ,czsz_exz :

3 1 1 d 1 R

eAppellF1[2, =, =, 3, -—] ] + |3AppellF1[1, =, =, 2, c
2 2 c? x? e x? 2 2

1 1 . e x? 5 1 3 5

4dAppellFi[1, —, =, 2, ¢*x?, - ——] +x? |-eAppellF1[2, =, =, 3, c
272 d 272

+|bcde

32 (—1+c2x2) A/ d+ex?

a (c2d+e) <8d2+12dex2+3e2x4> +

b(c*d+e) (8d*+12dex®+3e®x*) ArcCsc[cx] /(3

e3 (c2d+e)

(d+ex2>3/2)

Problem 157: Result unnecessarily involves higher level functions

x3 (a+bArcCsc[cx])

j dx
(d+ex?)>?
Optimal (type 3, 163 leaves, 7 steps):
bcxvV-1+c2x? d (a+bArcCsclcx])

_ . _

3e(c2d+e)mm 3e2<d+ex2)3/2

A/ drex? }

2bcxArcTan [
a+bArcCsc[cx] Vd A -1+ x?

+
e2+/d+ex? 3+/d e2+/c2x2

Result (type 6, 270 leaves):
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4bc® [1- ! 3 pppellF1|1 11 2 ! L
c x? AppellFi[1, —, —, 2, ) ]
272 c2 x? e x?

c? x?
1 1 1 d
2,2 2 2 442 - =
3e(-1+c®x*)\Jd+ex® |4c’ex AppellF1][1, Sy 2, L —exz} -
2 d AppellF1|2 125, 2 d | +eAppellFi[2 > 3, — d ]
C ppe :2: 2: ,czxz,_exz + e Appe 12: 2) :CZXZ _exz )+

-bce X (d+ex?) -a(c*d+e) (2d+3ex?) -b (c*d+e) (2d+3ex*) ArcCsc[c X] /

c? x?

(3e? (c2d+e) (drex?)™?)
Problem 158: Result unnecessarily involves higher level functions.

dx

Jx (a+bArcCsclcx])
(d +ex2)5/2

Optimal (type 3, 138 leaves, 5steps):

bc xAr‘cTan[@]
a+bArcCsc[cx] Vd A -1+c2x?
+

2

bcxV-1+c?x?
3d (c?d+e) V2 x? Vd+ex? 3e(d+ex2)3/2

3d32eq/c?x

Result (type 6, 254 leaves):

x> AppellFi[1,

1 1 d
y 2) > _—] /
c? x? e x?

N =

2bc? -
c? x? 2
1 1 1 d
3d (-1+c2x?) yJd+ex® |4c?ex?AppellFl[1, —, —, 2, y -] -
2 2 c? x? e x?
, 1 3 1 d 3 1 1 d
c*dAppellFi[2, —, =, 3, , - ——| +eAppellF1[2, =, =, 3, y -] ) +
2 2 c? x? e x? 2 2 c? x? e x?

-ad (c*d+e)+bce [1- x (d+ex?) -bd (c*d+e) ArcCsc[c x] /
2 x?

(3de (c?d+e) <d+ex2)3/2)

Problem 164: Unable to integrate problem.

a+bArcCsc[cx]
J dx

(d+ex2)5/2

Optimal (type 4, 296 leaves, 10 steps):
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bcex?/-1+c2x? x (a+bArcCsc[cx])
- + +
3d? (c2d+e) Vc2x? Vd+ex? 3d (d+ex?)??

2x (a+bArcCsclcx]) be2xV1-c?x? Vd+ex? EllipticE[ArcSin[cx], —c:;d}
+ +
3d2Vd+ex?
3d? (c2d+e) Verx® -1+ X 1+‘3di2

2bx+V1-c?x? 1+edi EllipticF[Ar‘cSin[cx}, —%d]
C

3d2/e2x2 V/-1+c2x?2 /drex?

Result (type 8, 22 leaves):
a+bArcCsc[cx]
J dx

(d+ex2)5/2
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Summary of Integration Test Results

178 integration problems

A - 126 optimal antiderivatives

B - 12 more than twice size of optimal antiderivatives
C - 33 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - Ointegration timeouts



